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STEP 2023, P2, Q12 - Solution (4 pages; 22/7/24)

(i) 1stPart

Ifeach X; < t,thenY <,

and if Y < ¢, it follows that each X; < t (otherwise Y > t).
SoY<toeachX; <t

and hence P(Y <t) = P(each X; <t)

=PX; <tH)PX, <t)..P(X,, <),

as the X; are independent,

= [P(X; < t)]", as the X; are identically distributed.

2nd Part
If fy(t) is the pdf of Y, and Fy (¢t) its CDF [cumulative distribution

function], then fy (t) = %Fy(t) or%P(Y <t)
d
=L1P(x, < "

[—cosx] ‘

And P(X; <t) = f;%sinx dx = 0

N |-

= %(—cost + 1)

S0 fy(8) = g [;(1 = cosO)I"

= (1 — cost)" sint

27’1.
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(ii) 15t Part

fm(n) n

g n-1g; _1
o om (1 — cost)" *sint dt = -

Let u = cost, so that du = —sint dt,

and = [0 —w)rt (~Ddu =3,

so that [(1 — u)"]COS[T(n)] = 2" 1,

and hence (1 — cos[m(n))" = 21,

n-1

so that 1 — cos[m(n)] =2 n,

1
and cos[m(n)] =1 —2'"=,

1
so that m(n) = arccos (1 — 217) ,as 0<mn) <m

2nd Part

T
2

m(1) = arccos(0) =

and asn —» oo, m(n) - arccos(—1) =m
(as the maximum of the X; will be distributed closer to «
asn — 00)

Thus, as n increases, m(n) increases (with an upper limit of ).

(iii) 1st Part

u(n) = fon t(%)”n(l — cost)" Lsint dt

= Q"[t(1 - cost)"]y — G)" Jy (1 — cost)™ dt , by Parts
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= (%)n[t(l — cost)”]g — (%)” foﬂ(l — cost)™ dt

=1 — zinfon(l — cosx)™ dx , as required (as (1 — cosm)™ = 2™)

(a) Result to prove: u(n + 1) > u(n);

1
2n+1

ie that w — fon(l —cosx)™dx >m — Zinfon(l — cosx)™ dx,

1
2n+1

1 (@ n +1 .
or — Jo (1 = cosx)™ dx — — [ "(1 — cosx)™"* dx > 0;

1
2n+1

ie fon(l —cosx)"(2 —[1—cosx])dx >0
or fon(l — cosx)™(1 + cosx) dx > 0,

which holds, as the integrand is non-negative over the domain

0<x<m.

(b) Result to prove: u(2) < m(2);
1
ie m— Zizf(?(l — cosx)? dx < arccos (1 — 21_5);
or mw— ifon 1 — 2cosx + cos?x dx < arccos(1 — V2);

or m— ifon 1—2cosx + % (1+ cos2x)dx <m — arccos(\/i — 1);

T

0 > arccos(\/z — 1);

or : [Ex — 2sinx + lsian]
4|2 4
3T
or arccos(VZ — 1) < ry

3 . .. .
or V2 —1> cos (?n), as the cosine function is decreasing for

angles between 0 and ;
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or (V717" cos* () =31+ cos (%)
or2 +1-2Z>2(1-2

or12 — 8v2 > 2 — v2;

or 10 > 7v/2;

or 102 > 49(2);

ie 100 > 98
Thus u(2) < m(2)



